PITHAPUR RAJAHS GOVERNMENT COLLEGE(A): KAKINADA
DEPARTMENT OF MATHEMATICS
MATHEMATICAL SPECIAL FUNCTIONS
BETA AND GAMMA FUNCTIONS
BY
K. SAMRAJYAM M Sc.B.EdM.Phil

LECTURER IN MATHEMATICS




Gamma and Beta Functions
Introduction
As introduced by the Swiss mathematician Leonhard Euler in18™ century, gamma function is the extension
of factorial function to real numbers. Beta function (also known as Euler’s integral of the first kind) is closely

connected to gamma function; which itself is a generalization of the factorial function. Both Beta and Gamma

functions are very important in calculus as complex integrals can be moderated into simpler form using and
Beta and Gamma function.

| Gamma Function
We define Gamma function as: Tn = [~ e ™ x™ !dx
Important results

l1.i. Ir'1 =1
Proof: I'l = foooe_x x%dx =—[e *]y =1
ii. I =+
(0 0] _1 (0] .
Proof: F% = [, e ¥ x"2dx = | et t12¢t dt , by putting x = t2
_ Zfoooe_tzdt _ \/E, foooe_xzdx =g

r% =T(0.5) = vr = 1.772
2. Reduction formulaforI'm: I'n+ 1) = nl'n
We have I'(n + 1) = fooo e ™ x"dx



= —[x"e |3 + nfooo x"le™*dx =0+ nl'n

~I'(n+1)=nl'n

©  _ - I'n
3. [y e ldx =

Proof: We have I'n = [~ e~* t"1dt
Puttingt = kx = dt = kdx
nTn=[7 e ™ (k)" tkdx = k™ [ e x"dx

© —kx .n-1 _In
= [, e Fx" T dx = 2

Extension of Gamma function from factorial notation
Case i. When n is a positive integer
WehaveI'(n + 1) = nl'n
=nn—1DI'(n—-1)
=nn—1)(n—-2)'(n —2)

=nn—1)(Mn—-2)--3.2.1I'1t = n!
~I2=1!T3=2! T4 =3!etc.
case ii. When n is a positive rational number
I'n=(m-—1)(n— 2) - upto a positive number in I" function
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Now value of FZ can be obtained from table of gamma function.

case iii. When n is a negative rational number
UsingT'(n + 1) =nl'n
'n+1)  (m+1)I'(n+1)
n - nn+1)
_ T'(n+2)
a n(n+1)
. r'(n+3)
B nn+1)(n+2)

=>In=

'n+k+1)
n(n+1)..(n+k)

Continuing in this manner, we get I'n =
n+k+1)>0
Illustration: I'(-3.4) =

, Where k is the least positive integer such that

[(-3.4+k+1)
(=3.4)(=2.4)..(-3.4+k)

=>k>24=>k=3

ey _ I'(-3.4+4) . I'0.6
T F( 3'4) T (—3.4)(—2.4)(-1.4)(—0.4)  (=3.4)(—2.4)(-1.4)(=0.4)

0.6 can be found using tables.

(=34+k+1)>0




Also, to evaluate I'(-2.5),

. ['(=2.5+k+1)
[(-2.5) = (-2.5)(—1.5)..(-2.5+k)

>k>15=k=2
'(-2.5+3) ro.s 1772

(=25+k+1) >0

- I(-2.5) = (—2.5)(—1.5)(-0.5) - (—2.5)(—1.5)(-0.5) ~ 1875 —0.945
case iv. I'n is not defined when n = 0 or a negative integer
We know Tn = kD g 1 2 .

n(n+1)..(n+k)’
Foralln =0,—1,—2, ..., we will have a zero in the denominator

r(0+k+1) (1) = F(=1+k+1)
0(1)...(0+k) ’ T (-D(0)..(-1+k)’ "

Hence, we can conclude that gamma function cannot be defined for zero or negative integers.
Example 1 If n is a positive integer, show that

2"T(n+5) = 135..(2n — DV

For instance, I'0 =

Solution: F(n + %) =T (n — % + 1)
= (n—%)f‘(n—%) wT'(n+1) =nln

(=) (r-9r(n-3)
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2n-1 2n-3 2n-5 31
=( 2 )( 2 )( 2 )"'E'E
- znr(n + %) =1.35..2n— )Vr
Example 2 Evaluate the following integrals
i.foooe_xzxzn_ldx n>1
o0 1
ii. |, e Vxadx
iti. f,” = dx
.l 1\"n~1
iv. fo (log;) dx , n>0
Solution: i. We haveI'n = [~e~tt"tdt, ..(D
Putting t = x2 in (1) , we get
— (® p—x* ,2n-2
In=[ e ™ x*"2 2xdx
= foooe‘xzxzn‘ldx = 1"2_n
ii. Putting t = v/x in (1) , we get
o _ n1,4 _1 1 po0 _ 2_1
n=["e VX y2 2ox 2dx =~ [ e Vx x2 tdx

Substituting Z — 1 = i ien= g , we get

N



(—) = —f e~V xadx

f e” x4dx—2F()=2.
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iii. Putting a® = et or xloga =t =dx
loga

oo x4 00 t \& dt
L[ =dx = e"t( )
fO aX fO loga/ loga

- —ty(a+1)-1 gp — _Fla+l)
(loga)aﬂf et dt (loga)a+1

iv. We have I'n = fo e tt"ldt
Putting t = logi = —t=logx e t=x

Also dtz—idx
aSt=0=>x=1,t=0=2>x=0

~In= flo X (log %)n_l (— i) dx = fol (logi)n_1 dx

n—1
= fol (logi) dx = I'n
Il Beta Function

Beta function is defined as:
B(m,n) = f01 11 -x)"1ldx, mn>0



Important Results
4. Beta function is symmetric i.e. B(m,n) = B(n,m)

Proof: f(m,n) = fol x™ 1A —-x)"dx, mn>0
= fol(l —x)" 1A -1 -x)"tdx, mn>0
anf(x) dx = foaf(a — x)dx
— fol x1@A—-x)"1dx, nm>0

= B(n,m)
5. Another definition of Beta function:

0 m—1
B(m,n) = fo (1f_x)m+n dx, mn>0

Proof: f(m,n) = f01 ym 11 —-y)"dy, m,n>0

Putting y = 1—J1rx , dy = — REY dx
= f(m,n) = — fo(: (1—;)m_1 (1 — 1—;)71_1 (1+1x)2 dx, myn>0
- () &) ) e
S N —

—Jo (1+x)min

o xMm-1
—Jo (14x)mn dx B(m,n) = B(n,m)




6. Another form of Beta function is given by:
p(m,n) =2 f;fr sin*™ 10 cos*™ 1 0do
Proof: we have f(m,n) = fol x™ 1 (1 —x)" ldx
Let x = sin?0 = dx = 2sinf cos O db

. Bm,n) = [2(sin® )™ (cos* )" 25sin O cos 6

=2 [2sin®™1 6 cos?™ 1 0d6
7. Relation between Beta Gamma functions:

ﬁ (m’ n) _ I'mI'n

r(m+n)’
Proof: Using result 3, [~ e ™ x™~1dx = %‘: (D

mn>0

Replacing k by y , we get ;—Z = [, er*x™ ldx
— (®,- -1
=>Im= [ e »*ymx™ tdx
= e—yyn—lrm — fooo e~ y(1+x) ym+n—1xm—1dx
Integrating both sides with respect to y within limits 0 to co
'm f0°° e—yyn—ldy — J‘0°° fooo e~y (1+x) ym+n—1xm—1dx dy

= I'mln = fooo[fooo e~ (1+0)y y(Min=1) gy | x M1y



= I'ml'n = fooomxm‘ldx , comparing with (1)

(1+x)m+n
I'mIln o xm1
Y A S
r'(m+n) 0 (1+x)m+n
I'mI'n

= o B(m,n), using result 5

T 1\ (q+1
8. fOESinpecosq ede — r( 2 )r( 2 )

+q+2
2r=5

Proof: we have f(m,n) = 2 [2 sin®™"* 6 cos*™~* 0d6

I'mI'n

(T ame1 2n—1 » _
=>F(m+n)—2f025mm 0 cos*™10do --f(m,n) =

Replacing 2Zm — 1 bypand 2n—1by g

+
|em—p—and qT

7 p+1\n(q+1
= [2sin? 6 cos? 0dO = rCrC) D

21_.(1?+q+2)

PH1\ (1
Putting g = 0 in @ we get fz sin? 0d0 = F( F(p)+rz()2)

g+1\(1
Putting p =0 in @ we get fz sin? 6dO = F( )F(z)

2r(2%)

9. Duplication formula is given by:

I'mI'n
F'(m+n)




I‘mI‘(m+l) =%,m> 0
Proof: We have B(m,n) = FEZ:E) =2 f(? sin®™1 0 cos?™ 1 0do
2 fogsinz""‘1 6 cos?™"10do = FEZ:;) @
Putting n = % on both sides, we get
2 fgsinzm_l 0do = rl;rzg) .. (2)

Again Putting n = m in (1), we get

(rm)?

=2 [2sin®™1 0 cos®™ " 0d6
r(zm)

_ Zf (Zsmecose)zm_l 4o

Fsinzm‘1 20d6

_22m2

= f sin®™~1 tdt , Putting 260 =t

22m 1

= fz sin®™~ 1 tdt

22m 1

T fOdx =2 ) f()dx if f(2a — %) = f(x)




O — 2 [ sin>™ 0
=2 fogsinzm‘1 6do = % Ne
= I'ml (m + %) = _\/Ezzfr'rgin)
10. TRT(A-m) =", 0<n<1
Proof: we have B(m,n) = FIEZZ) = Owﬁdx a0

n-—1
dx

I'mI'n _foo X
T(m+n) 70 (1+x)m+n

Putting m = 1 — n on both sides, we get

InIf(l-n)= [, T
Putting x = et , dx = eldt

Asx ->0,t-> —ccandasx > oo, t > o
2InT(A-n)=[__ ——dt

Now by using complex integration, we have:

0o x—1

o ent

nt T

[0 =—dt = 0<n<1

0 1+4et sinnm’




T

~ImT'(1—n) == ,0<n<1
Sin nm
T 5 T T
Example 3 Evaluate i. [ 2 sin® x cos2 xdx  ii. [? sin'® xdx iii. [2Vtan 6 + VsecH d6
o (2.m-1 n—-1 T 2 4 . (1.,m-1 1\ 1
iv. [; x™ (2 —x)"tdx v. [, sin® (1 + cos0)*do wi. [ x (log;) dx

() g

2xdx = =
3+g+2 zr(lé)
2r( —2 4

T
Solution: i. [2 sin® x cos

1.1"(1) 38
=——%-=— -—T2=1'=1,alsoT'(n+ 1) =nl'n

44
ii. fogsinlo xdx = F(%)F(%) — ;%;%%F(%)F(%) — 945w
2I'e 240 7680
*T6 = 5! =120,also T(n + 1) = nl'n
631 1
=22 T (E) -7

T
2

T 1 1 1
iii. [2vtan 6 + Vsec§ df = [2 (sinz 6 cos™20 + cos 2 6)d
1 1 1
(=) e
= +
1 1le —242
21“(—2 2 ) 21“( 2 )




rz)rG)
==t 2r(F)
_1lp(1 3\ L T
T2 r (4) {F (4) + r(%)}
iv. Let] = foz x™ (2 —x)" ldx
Putting x = 2sin?é,

I—fZZm 1sin®™m720.2" 1c0s?"726.2sin O cos 0 d6
= [ =2mtn=2 7 fgsinzm_le cos?™719do = 2M™*t""28(m, n)

T

w2 [2sin®™710 cos®*™10dO = B(m,n)
v. Let] = fﬂ sin? 9(1 + cos 8)*doO
_ 6> 2 0\*
f (2 sm cos ) (Zcos E) do
_ Q 108
= 64[0 sin®=cos*—do
Putting g =x,d0 = 2xdx

A
= 128 [ 2 sin® x cos'® x dx

_o4TQr(5) _ o+ 5'G)a30797G) _ 2am

r7 720 16




T7 = 6! = 720, also ['(n + 1) = nT'n
. ol g 1\*1
vi.Letl = [ x™ (log;) dx
Putting logi =torx =e ¢t =dx = —e~tdt,
| = — [°e-(m=Dtn-1p-tgy

= [ e ™t de

Puttingmt =y
_ 1 o _ 4 n-1 1 o _ -1 _ I'n
I=nfe? (%) dy=igf ey ay =13
Example 4 Prove that i.f(m,n) = f(m + 1,n) + f(m,n+ 1)
.. B(m+1n) _ m
" B(mn)  m+n

iii. B (m, %) = 22""18(m, m)

Solution: i.RHS.=B(m+1,n) + f(m,n+1)
_ T(m+1)I'n I'mI'(n+1)
B '(m+n+1) TI'(m+n+1)
mI'm.I'n+I'm.nl'n
r(m+n+1)
'm.I'n(m+n)
(m+n)I'(m+n)

- B(m,n) = L.H.S.

- '(m+n)




i LHS.= B(m+1,n) _ F(m+1)In .F(m+n)
B(mn) F(m+n+1) TI'mIn
_ mI'mI'n 'm+n) _ m
~ (m+n)(m+n) ~ 'mfn  m+n RH.S.
1\ _ I'mr(3)
iii. We have ,8 (m, E) = W @
Adgain, by Duplication formula I'mI’ (m + %) = %

r(m+l)=EIEm g

2)  22m-ipy,

B rmr(%)zm-lrm

Using @ In @ we get g (m» g) ~ JrTr@2m)

_ 92m—1ImIm 1\ _
=2 r'(2m) (2) -
= 2" p(m,m)
Example 5 Express the following integrals in terms of Beta function
.1 2 ..ol x?
i fy x™ (1 —x*)dx i [ — dx

- .o _ 1 2 _ 1 1 _1 2
Solution: i. Let/ = [ x™ (1 —x*)"dx = Efo x™ 1 (1 —x?)"2xdx
Puttingx? =y =2xdx = dy
101 m1
= I=-[ vz (1-y)dy



=/, 'y (1 — ) D1y

= —,8 (m—ﬂ n + 1)
ii. Letl= fo \/_dx ——f x72(1—x°)" 25xtdx

Putting x°> =y =5x*dx = dy
= 1= ifoly_é (1-y) 2dy
=Lyt Ay =3 (33)

Example 6 Prove thati. T (2 — x) r G + x) = G — xz) TT.Secmx

ii. f;(x —a)™(b—-—x)"dx=((b—-—a)™"1(m+1,n+1)
Solutioni. LH.S.=T (; — x) r (3 + x)

- G- )rG-)-Goo)r)

T'(n+1) =nl'n




T

~InT'(1—n) =

1 2 s
= (-—x
4 COSTtXx

1 1 1
= (——xz)n.secnx, ——<x <=
4 2 2

ii. Let I = f:(x —a)™(b — x)"dx

0O<n<l1

sinnm’

= fob_a y™(b—a—y)"dy Byputting x—a=y
= [{b— ™™ (b —a—(b— )" (b — a)dt
By putting y = (b — a)t
I=["x™ (1 —x"Pdx = ['(b— a)™t™ (b — a)*(1 — (b — a)dt
= (b— )™ [T ™ (1 - t)"dt
= (b — @)™*n1 fol (m+1)-1 (1- t)(n+1)—1dt
=bh-a)™Ig(m+1,n+1)
Example 7 Express the integral fol x™ (1 —x™)Pdx in terms of gamma function and hence evaluate

1
3 1\ 5
fol X2 (1 - xE)Z dx
Solution: LetI = fol x™ (1 —x™)Pdx
Putting x™ =t, so that nx™ 1dx = dt, we get



[ = % ) (1= )Pt mdt =211 tm+1‘1 (1 — t)P+1-14¢
m+1
=g (B2 p 1) 2L
Puttingmzz n:% = m@ we get
1 3
2 —+1 3
f Xz (1 — xZ) dx = 2 (2% 5+ 1) = 2P (5,5)
zr(s)r(g) _2ar(3)  48r(3) 512
F( D ® 121-§-§-§-§-F(§) - 3465

Example 8 Evaluate i. [~ x™ 1 cos ax dx ii. [, x™ !sin ax dx
0 0

@

. o i o8} ..
Solution: letI = [~ x""'e™*dx = [~ x"' (cos ax — isinax) dx

Putting iax =t ,dx = ﬁ

a

_ 1 o —t t n-1 _ 1 (&) —t -1 _ I'n
I=—] e (—) dt = —— [, e 't dt = o—

=— (—)" = (cos—— lsm:)n

Fn nmw nm
= COS— — [ Sin—
an

o0 - . I'n nm . .. nm
o x™ 1 (cos ax — isin ax) dx = — (cos— — isin —)
0 an 2 2

Comparing real and imaginary parts we get,



0 r
i. [ x™1cosax dx =—cos—
0 a

.o (© =1 s I'n .
ii. J; x™tsinax dx = —sin—

Exercise
Show that fOE tan"x dx = %sec (%) 0<n<1
Given that ' (§) = 0.8935, find the values of T’ (— E) and T (— —
5 . 2 5
. 31 .. 4
Find l'B(E'E) ll.ﬂ(g,g)
Evaluate fol x? (1 —x?)*dx
Prove that I'n = 2 fooo e X" x2n=1 gy
Prove that for a,b > 0
i. fooo x""1 e~ cos bx dx =

L T o o

I'n ( -1 b)
————x~cos(ntan™" =
(a2+b2) /2 a
. o n_l —-ax . — Fn . ( _1 2)
u.fo x"" e sin bx dx @ sin(ntan™" —
p(m+1n)  B(mn)

m+n+1

T

1 —_
dx. |?2+vsinxdx =1

vsin x fO

9. Show that fol xgn_l”n_l dx = f(m,n)

7. Show that

8. Show that 2

14+x)m+n



10. Prove that g (m,2) = 221 B (m,m)

Answers
2 —%\/%, ~1.108

3. .5 i 2=
SR
128

" 3465



